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Abstract
Lasing of ultralight axion condensate into photons can be sensitive to the presence of a back-
ground plasma owing to its coupling to electromagnetism. Such a scenario is particularly relevant
for superradiant axion condensate around stellar mass black holes since the axion mass can be
within a few orders of magnitude of the plasma frequency of the surrounding medium. In this
paper I discuss the properties of the plasma around a black hole and analyze its effects on the
lasing of a uniform axion condensate of mass of the order of the plasma frequency.
∗ srimoyee08@gmail.com
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I. INTRODUCTION
The goal of this paper is to address the question of lasing of an ultralight axion conden-
sate into photons in the presence of a background plasma where the plasma frequency is
comparable to the axion mass. The motivation for this analysis is tied to the possibility of
formation of superradiant axion condensates around spinning black holes which are typically
surrounded by the interstellar plasma or accreting material. The mechanism of formation
of these condensates is based on the interplay of the Penrose process [1] and superradiant
instability [2, 3] where a wave scattering off of a spinning black hole gains in amplitude
in the scattering event [4, 5]. Such a wave if confined around the black hole can result in
exponential growth of the field-amplitude forming a condensate [6]. Due to the Pauli exclu-
sion principle however, fermionic fields are not superradiant [7–9] and it is only for massive
bosons, axions being one of them, that a Bose-Einstein condensate with a large occupation
number can form thereby causing the black hole to spin down[10–12]. For a comprehensive
review see [13]. This phenomenon has attracted significant interest of late in anticipation of
upcoming gravitational wave observations [13–23] in particular involving stellar mass black
holes. For black holes of mass M the typical mass of axions that can condense are of the
order of 1
GM
∼ 10−10eVM
M
where G is the Newton’s constant. This allows for the attrac-
tive possibility of detection of axions of very low mass through gravitational waves alone
[14]. There have been analysis of indirect signatures of the superradiant axion condensates
utilizing the spin distribution of black holes [14, 20], direct detection of gravitational waves
through level transitions [20], finite size effects [24] and annihilation to gravitons [20]. How-
ever, the prospects of electromagnetic signatures through lasing have not been explored in
great detail except in [22]. The absence of such analysis for black holes of stellar mass or
larger can partly be attributed to the extremely long wavelengths of photons under consid-
eration which are ostensibly undetectable on earth based telescopes. [25]. However, it is
important to note that the detectability of gravitational signatures from the axion conden-
sate may critically depend on the non-occurrence of lasing. A particularly gloomy prospect
can involve complete depletion of the axion condensate through lasing thereby eliminating
any detectable gravitational wave signatures while the photons produced in the process are
not observable either.
One of the key features of this problem is the contrast between the time scales associated
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with spontaneous and stimulated emissions. The spontaneous emission rate for axions, given
by ∼ m3a
f2a
where ma and fa are the axion mass and the axion decay constant, is miniscule
for a superradiant axion owing to its small mass. For QCD axions, this rate is further
suppressed since ma and fa are related by mafa ∼ λ2QCD. The associated decay time scale
given by 1064
(
M
10M
)5
years, is much larger than the age of the universe. This may lead
one to erroneously declare that the decay of superradiant axions to photons is irrelevant for
any time scales of interest. The process of lasing however is largely dictated by the rate of
stimulated emission as opposed to the rate of spontaneous emission. As I review in the main
text of this paper, in the absence of any matter coupling the rate of stimulated emission
is given by ∼ β|φ|
pifa
ma for a uniform axion condensate φ where β/fa is the coupling between
photon and axion. The corresponding depletion time scale 1β|φ|
pifa
M
10M
10−4 seconds, can be
much smaller than the time scale associated with spontaneous emission.
It is however important to note that the process of lasing can be sensitive to any non-
uniformity in the axion condensate as well as the presence of a plasma around the black
hole. The former can obstruct or weaken laser growth due to “leakage” of photons from
the finite-sized condensate [26]. I postpone the discussion of non-uniformity of superradiant
condensates for future work. A similar blocking of the laser can take place due to the
frequency and wavelength dependent scattering of photons in matter. This can lead to
a kinematic blocking of the two-photon decay mode when plasma mass of the photon is
much larger than the axion mass [27]. Medium dependence of lasing is particularly subtle
when one or more physical scales of the surrounding plasma is comparable to the axion
mass scale. The discussion in this paper pays particularly close attention to this regime
of the parameter space. As we will see in the subsequent sections, for superradiant axions
around stellar mass black holes, the axion mass may indeed be comparable to the plasma
frequency of the medium around it. Therefore it is important to analyze this problem in the
context of a uniform axion condensate without obscuring the physics of interest with spatial
non-uniformities.
Typically lasing of axions to photons is dealt with by solving Maxwell’s equations in
the presence of a source term driven by the axions. These equations supplemented with
an appropriate term for the conductivity can then be used to describe medium response.
In this paper I estimate the conductivity of the medium around black hole and solve the
corresponding Maxwell’s equations in the presence of a uniform axion condensate. It is
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evident that the detailed electromagnetic response of interest to this paper is a very involved
problem in its full generality which requires numerical work. However, such a treatment is
beyond the scope of this paper. Here I work with a simple toy model that can clearly
explain the physics in question. I begin with a short review of the superradiant instability
and lasing of axions in the absence of any matter. This is followed by estimates of the
conductivity around the black hole and solution to the lasing problem in the presence of a
finite conductivity.
II. MAXWELL’S EQUATIONS FOR THE AXION CLOUD
Before delving into the relevant equations of motions for lasing of axions, let us first
review the basics of the superradiant instability. In the process we will also estimate the
order of magnitude of some of the parameters involved in the problem. As we will see, the
most generic solution to the Maxwell’s equations are not very enlightening and one needs
to identify small parameters in the problem so as to understand better the conditions under
which lasing of axions to photons can take place. As stated earlier, an axion condensate
forms around a spinning black hole of mass M when axion mass ma is of the order of
m2P
M
where mP is the Planck mass. The condensate is well described by hydrogen atom wave
functions with a coupling constant αM ∼ maMm2P . The corresponding spectrum is given by
ω ≈ ma(1− αM2n2 ) where n, l,m are the hydrogen quantum numbers. The axion cloud extracts
angular momentum from a maximally rotating black hole as long as the superradiance
condition is satisfied
ω
m
<
1
2
r−1g (1)
where rg ∼ M/m2P . Parametrically the maximal occupation number of a level is given by
∼ M2
m2P
[18] which coupled with the axion density of ∼ m2aφ and a parametric estimate for
the volume of the condensate ∼ 1
m3a
can lead to |φ|
fa
≈ 1.
As we will see below the product of the axion-photon coupling β/fa and the axion vev φ
given by ∼ βφ
fa
, is one of the possible small parameters which we will eventually expand in
to make sense of the results. With this brief review let us now write down the axion-photon
4
Lagrangian [16, 28]
L = −1
4
FµνF
µν +
Cβ
4pifa
φµνλρFµνFλρ
1
2
∂µφ∂
µφ− 1
2
m2aφ
2.
Here C is some model dependent numerical constant [16]. Ignoring the back-reaction of the
electromagnetic field on the evolution of axion field and assuming a spatially uniform axion
condensate the equations of motion can be expressed as
∇×B− dE
dt
= −Cβ
pifa
dφ
dt
B. (2)
In order to describe the physics of lasing one has to express the electric, magnetic and axion
fields in their second quantized form in terms of creation and annihilation operators and then
solve for their expectations values in coherent states according to Eq. 2. It is the expectation
values of the gauge fields in coherent states that are expected to exhibit exponential growth
as a signature of lasing. Let us now write down the second quantized gauge field
A(r, t) =
1
2
√
V
∑
k
(
αˆk(t)e
i(k.r−ωkt) + αˆ∗k(t)e
−i(k.r−ωkt)) (3)
as well as a spatially uniform second quantized axion field
φ(r, t) =
(
φˆe−imat + φˆ∗eimat
)
. (4)
Here, the time dependence of αˆk(t) is slow compared to the photon frequency of ωk. This
time dependence is intended to eventually capture the physics of exponentially growing laser.
On the other hand, ignoring the back-reaction of the gauge field on the axion condensate
leads to φˆ being independent of time. Let us now concentrate on a particular mode of the
gauge field given by
αˆk(t) = δkˆ,zˆδωk,ma2 αˆ
x
k(t)xˆ+ δkˆ,−zˆδωk,ma2 αˆ
y
k(t)yˆ. (5)
Substituting Eq. 4 and 5 in Eq. 2, I find
k2〈αx/yk (t)〉+ 〈α¨x/yk (t)〉 − ima〈α˙x/yk (t)〉 −
m2a
4
(t)〈αx/yk (t)〉 = −
Cβ
pifa
kma〈φ(αy/xk (t))∗〉. (6)
Eq 6 which excludes medium response will produce lasing solutions with the following ansatz
〈αxk(t)〉 = f(t), 〈αyk(t)〉 = f(t)eiθ, 〈φ〉 = φR0 (7)
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where φR0 is a real constant and f(t) is a complex valued spatially uniform function of time
given by
f(t) = f0(1 + iκ)e
λt (8)
with f0, κ and λ being real numbers. It is easy to see that the phase shift between the two
orthogonal components of the gauge field can be adjusted to absorb any U(1) phase of the
axion field operator expectation in the coherent state. This is why I choose 〈φ〉 to be real
without any loss of generality.
Eq 6 can be solved for any wavelength k which will relate the growth rate λ to the wave
number k, the axion mass and the axion condensate field φR0 . The growth rate is found to
be maximum at k = ma
2
for Cβ|φ|
pifa
 1. Solving Eq. 6 for |k| = ω = ma/2, the growth
rate can be written as λ ≈ ma Cβ2pifa |φR0 | in the limit of
Cβ|φ|
pifa
 1. For θ = 0, pi, in the limit
of Cβ|φ|
pifa
 1, one finds |κ| ≈ 1. Similarly for θ = ±pi
2
, the growing modes correspond to
|κ| ∼ 4pifa
Cβ|φ| and |κ| ∼ Cβ|φ|4pifa .
III. ESTIMATES OF THE PLASMA SCALES
The solution in the previous section of course ignores medium effects completely. In-
corporating these effects in the equations of motion in principle involves augmenting the
equations with appropriate constitutive relations for the current density jmedium in linear
response to an external electromagnetic field. Such a linear response current is well approx-
imated by jmedium = σE where σ is the electrical conductivity of the medium. The response
to electromagnetic waves typically carries frequency dependence unless one is in the colli-
sion dominated regime. To be specific, the dependence of the electrical conductivity on the
frequency of interest can be approximately expressed as
σ(ω) =
4pinee
2τcoll
me(1− iτcollω) (9)
where ne is the density of electrons in the medium, me is the mass of an electron and τcoll
is the inverse collision frequency. In the limit ωτcoll  1, one is in the collision dominated
regime where conductivity is independent of the frequency and is given by 4pinee
2τcoll
me
. In the
collision-less limit with ωτcoll  1, the conductivity is frequency dependent and is given by
i4pinee2
ωme
.
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In principle one can solve Maxwell’s equations as a function of an arbitrary conductivity.
However, this is cumbersome and unnecessary in the present context. Instead it is much
more useful to begin with an estimate of the conductivity in regions around the black hole
which simplifies the equations significantly. With this in mind, I now proceed to estimate
the conductivity of the black hole environment. In the presence of a thin accretion disc, the
region around a black hole outside of the disc is expected to resemble the interstellar medium
to first approximation. Interstellar medium typically consists of hot ionized hydrogen plasma
with a density of about 1/cc − 0.001/cc and temperature of about 104K − 106K. In order
to determine the conductivity of this region I have to first estimate the collision frequency
of electrons in it. The collision frequency is related to the mean free path of electrons which
is given by
λmfp =
T 2
nepie4 ln(Λ)
(10)
for coulomb collisions. Here T is the temperature, ne is the density of electrons and the
Coulomb logarithm ln(Λ) ∼ 10. Assuming the density to be one particle per cubic cen-
timeter ne ∼ 8 × 10−15eV3and a temperature of 104K ∼ 1eV, the mean free path is
given by λ ∼ 4.72 × 1014
(
1/cc
ne
T 2
(1eV2)
)
eV−1. The collision frequency is related to the mean
free path as νcoll ∼ ve(λ)−1 where ve is the speed of an electron ve ∼
√
T/me. For the
temperature and densities under consideration ve ∼ 10−3 and the collision frequency is
∼ 10−18 (1eV
T
)3/2 ne
1/cc
eV. Since the frequency of the lasing photons is set by the axion mass
∼ 10−11eV10M
M
, it is clear that one is in the collision-less limit outside of the accreting disc.
The conductivity is then given by i4pinee
2
ωme
upto corrections of the order maτcoll. Maxwell’s
equations in the collisionless limit with φ = 0 has propagating modes only for frequen-
cies larger than the plasma frequency given by ω2P = ωIm[σ] =
4pinee2
me
. The corresponding
dispersion relation is given by ω2 = k2 + ω2P .
Similarly an estimate of the collision frequency can be obtained if there is accreting
matter around a black hole. In the Eddington limit [29] the quantity of matter around a
black hole is related to its mass M , the Schwarzschild radius rg and accretion time (also
known as Salpeter time [29]) τaccr as δM ∼ M rgτaccr [16]. The accretion time is given by
τaccr =
σT
4piGmproton
where σT is the Thomson cross section and mproton is the proton mass.
The accretion time evaluates to about 4× 108years = 1040GeV−1 which can then be used to
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estimate the quantity of matter around the black hole
δM ∼ 4× 10−22
(
M
M
)
. (11)
The accreting matter can be assumed to be ionized hydrogen to a good approximation. To
determine the mean free path of electrons in the accreting matter, one needs to know the
density of electrons in it as well as its temperature. It is known that in the Eddington
limit, assuming black body radiation, the temperature of the accreting matter around a
black hole at a radial distance r is given by T =
(
3M2GN
8pir3τaccr
)1/4
which estimates to about
∼ 500
(
10M
M
)1/4
eV at the ISCO (r ∼ 6GNM), for a black hole of mass 10M. Keeping in
mind that most of the accreting matter is hydrogen one can make a rough estimate of the
density of electrons as
ne ∼ δM
mproton
4
3
pir3
∼
4× 10−20
(
M
10M
)2
M
mproton
4
3
pir3
≈ 4.42× 10−17
(
10M
M
)−1
MeV3. (12)
The mean free path of electrons in the accreting matter can now be readily obtained using
λ =
T 2
nepie4 ln(Λ)
≈ 0.5
2 × 10−6
4.42× 10−17pi( 4pi
137
)210
(
M
10M
)1/2
MeV−1
∼ 2.14× 1010
(
M
10M
)1/2
MeV−1 (13)
and the corresponding collision frequency is given by
ωaccrcoll ∼
√
T/me
λ
∼ 10−6eV. (14)
Hence we see that in the accreting region, ω/ωaccrcoll  1 for ω ∼ ma ∼ 10−11 eV and the
conductivity is
σaccr =
(4pinee
2τ)
me
= (4pi)
T 3/2
pie2m1/2 log(Λ)
≈ 70
(
10M
M
)3/8
eV. (15)
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In the absence of an axion condensate the collision dominated limit of Maxwell’s equations
is accompanied by damping of electromagnetic waves. In this regime for a conductivity of
σ, the characteristic length over which electromagnetic waves are damped is given by σ
2
for
σ  ω and √σω/√2 for ω  σ.
IV. AXION LASING IN MATTER BACKGROUND
Having obtained an estimate of the conductivity we can now solve Maxwell’s equations
coupled to an axion condensate in the presence of a finite conductivity
∇×B− dE
dt
= σE− Cβ
pifa
dφ
dt
B. (16)
One could again use Eq. 3, Eq. 4, Eq. 5 to write an equation for the expectation values for
the creation and annihilation operators just as in Eq. 6
k2〈αx/yk (t)〉 + 〈α¨x/yk (t)〉 − ima〈α˙x/yk (t)〉 −
m2a
4
(t)〈αx/yk (t)〉
= σ
(
〈α¨x/yk (t)〉 − i
ma
2
〈α˙x/yk (t)〉
)
− Cβ
pifa
kma〈φ(αy/xk (t))∗〉. (17)
The ansatz of Eq. 7 and 8 solve Eq. 17 as well. As stated earlier the solutions are
not particularly enlightening as a function of an arbitrary conductivity. Relatively simple
expressions are obtained in the strictly collision-less and the strictly collision dominated
limit. From the estimates of the conductivity above, it is clear that most of the black hole
environment for a thin accretion disc is extremely well described by the collision-less limit.
Similarly, the accretion disc is very well described by the collision dominated limit. Let us
first consider Eq. 17 in the collision dominated regime relevant for the accretion disc. It is
important to note that in the accretion disc, the conductivity as obtained in Eq. 15 is much
larger than the axion mass scale. Plugging the ansatz of Eq. 7 and 8 in Eq. 17 one can see
that |σE| is parametrically larger (by a factor of σaccr
ma
) compared to the rest of the terms. As
a result the gauge field solution is strictly zero and no lasing can take place inside a plasma
modeling the accreting region.
Let us now concentrate on the region outside of the accretion disc for a thin disc. As
we will see in this section, the possibility of lasing in the collision-less limit depends on the
relative magnitude of the plasma frequency to the axion mass and that indeed they can
be comparable in a region of the parameter space relevant to superradiant condensates. In
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this regime, the growth rate of the laser as well as possible wavelengths exhibiting such
growth depend on the strength of the axion-photon coupling, the axion condensate and the
difference between the plasma mass and the axion mass.
Analyzing Eq. 16 and Eq. 17 in the collision-less limit leads to exponentially growing
solutions as expected. Just like the solution of Eq.6, solving Eq. 17 will lead to a relation
between the wavelength of the photons, the axion mass, the axion condensate and the lasing
rate. Defining Cβ
pifa
≡ ξ, I find exponential growth for momentum
−maξ|φ|+
√
m2a +m
2
aξ
2|φ|2 − 4ω2P
2
< |k| < maξ|φ|+
√
m2a +m
2
aξ
2|φ|2 − 4ω2P
2
. (18)
I analyze the laser growth rate in the two limits given by ξ|φ| > √m2a − 4ω2P/ma and√
m2a − 4ω2P/ma > ξ|φ| where both ξ|φ| and (
√
m2a − 4ω2P/ma) are taken to be less than 1.
For the small ξ|φ| limit (√m2a − 4ω2P/ma > ξ|φ|), the maximum growth rate is found to be
at |k| ≡ kmax,1 ≈
√
m2a
4
− ω2P . The corresponding growth rate is given by
λkmax,1 ≈
m2a
√
m2a − 4ω2P
2m2a − 4ω2p
(ξ|φ|) = m
2
a
√
m2a − 4ω2P
2m2a − 4ω2p
(
Cβ
pifa
|φ|
)
. (19)
The expansion in |φ|ξ for the maximum growth rate λkmax,1 breaks down when ξ|φ| ∼√
m2a−4ω2P (m2a−2ω2P )√
2maω2P
. This gives the maximum possible growth rate in the small |φ|ξ limit to
be
λMAX1 ∼
ma(m
2
a − 4ω2P )
2
√
2ω2P
. (20)
These growing modes are given by {θ = 0, κ ≈ −1}, {θ = pi, κ ≈ 1}, {θ = pi
2
, κ ≈
4(m2a−2ω2p)2
m3a
Cβφ
pifa
√
m2a−4ω2P
} and {θ = −pi
2
, κ ≈ −m
3
a
Cβφ
pifa
√
m2a−4ω2P
4(m2a−2ω2p)2 }. Similarly in the limit
√
m2a−4ω2P
ma
<
ξ|φ|, maximum growth rate is achieved at |k| ≡ kmax,2 ≈ maξ|φ|
√
1+2ξ2|φ|2
2+8ξ2|φ|2 and the maximum
growth rate is given by
λkmax,2 ≈
maξ
2|φ|2(√2 + 4ξ2|φ|2 −√1 + 4ξ2|φ|2)√
(1 + 4ξ2|φ|2)(3 + 8ξ2|φ|2 − 2√2√1 + 6ξ2|φ|2 + 8ξ4|φ|4) . (21)
One can see that the growth rate given by Eq. 21 which is obtained in the limit
√
m2a−4ω2P
ma
<
ξ|φ|, is independent of the plasma frequency whereas the growth rate in the limit of small
ξ|φ| given by Eq. 19 is not. Fig. 1 is a schematic presenting the growth rate as a function
of the wave number in two possible regimes of interest : ξ|φ| < m2a−4ω2P
m2a
and ξ|φ| > m2a−4ω2P
m2a
.
As can be seen from the figure, besides the growing modes, there exist damped modes with
10
kλ
(a) Growth rate vs wave number for
(ξ|φ|)2  m2a−4ω2P
m2a
with ξ|φ| < 1,
(
√
m2a − 4ω2P /ma) < 1
k
λ
(b) Growth rate vs wave number for
(ξ|φ|)2  m2a−4ω2P
m2a
with ξ|φ| < 1,
(
√
m2a − 4ω2P /ma) < 1
FIG. 1: I plot the solution to the Eq. 16 and Eq. 17 in two regimes of interest set by
ξ|φ| <
√
m2a−4ω2P
m2a
and ξ|φ| >
√
m2a−4ω2P
m2a
with ξ|φ| < 1 and (√m2a − 4ω2P/ma) < 1. The four
different colors correspond to different branches of the solution.
damping rates identical to the growth rates of the growing modes. These damped and
growing modes correspond to different branches of the solution to Eq. 17. For the purpose
of lasing of course, the damped modes are of no consequence.
As can be seen from the inequality of 18, there is no growing mode when ωp >√
m2a(1+ξ
2|φ|2)
2
. For ξ|φ| of the order of ∼ 1 in the limit of ξ|φ| >
√
m2a−4ω2P
m2a
the maxi-
mum growth rate is parametrically given by ∼ ma. For fixed ξ|φ|, lasing becomes more and
more disfavored as the black hole mass increases which drives the axion mass to smaller
values thus forcing m2a(1 + ξ
2|φ|2) < 4ω2P eventually. Plugging in the density for the ISM I
find that the plasma frequency is given by ω2p ∼ 20× 10−21 ne1/cceV2. Comparing the plasma
frequency with frequency of the photon ∼ 10−11 10M
M
eV one can conclude that lasing of
a spatially uniform condensate of superradiant axions around low mass stellar black holes
(10M) can take place for background densities smaller than ≤ 10−3/cc. Note that the
corresponding growth rate of the electromagnetic field is about ∼ 10−4
(
10−11eV
ma
)
seconds
for ξ|φ| ∼ 1.
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V. OUTLOOK
In this paper I address the question of lasing of a uniform axion condensate in super-
radiant mass-range in the presence of matter coupling to Maxwell’s equations. Outside of
the accreting region for stellar mass black holes, densities can be sufficiently small so as
to allow for the possibility of lasing. The lasing time scale can be shorter than a second
for a condensate |φ| ∼ fa with order ∼ 1 coupling to photon. In the case of an extremely
small lasing time scale, there is a possibility of depleting the condensate before detection via
gravitational waves. Similarly, the depletion time scale can become larger when |φ|β  fa
in which case the phenomenon of lasing can leave its imprints in gravitational signatures.
In order to understand lasing of superradiant condensates in greater detail the idealiza-
tions used in this paper need to be relaxed to include realistic modeling of the black hole
environment as well as the presence of non-uniformity in the axion condensate. It is expected
that the inclusion of non-uniformity in the condensate will increase its depletion time-scale.
The time dependence of the strength of the axion condensate as well as the curvature of the
metric around a black hole may also play a role in determining the details of lasing process.
In principle axion lasing can take place while the superradiant instability itself is arising
and an accurate analysis of this will have to involve solving coupled equations describing
simultaneous growth or decay of both superradiance and the lasing processes.
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